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Abstract
We consider manifolds obtained by Dehn surgery on closed pure 3-braids in S3, and show that for
a large class of these links, and for most surgeries, we cannot get a homotopy 3-sphere; in fact in
many cases we obtain Haken or laminar manifolds.
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1. Introduction
We are interested in knowing what type of manifolds are obtained by doing Dehn
surgery on closed pure 3-braids in S3. In particular, when is possible to obtain a simply
connected 3-manifold by Dehn surgery on a closed pure 3-braid and when such manifold
is S3.
By the fundamental theorem of surgery proved by Lickorish and Wallace [9,10,14],
we know that any closed, connected and oriented 3-manifold can be obtained by integral
Dehn surgery on a closed pure n-braid. It is known that surgery on a closed pure 1-braid
produces lens spaces, for such a braid is the trivial knot; some surgeries on closed pure
2-braids produce connected sums of lens spaces, but in general they produce Seifert fibered
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spaces, for a closed pure 2-braid is a torus link. So, it is a natural question to ask what kind
of 3-manifolds are obtained by surgery on closed pure 3-braids.
By [4] we have that the group of pure 3-braids can be seen as the direct product of
two free groups Z × F2. So any closed pure 3-braid can be represented by a diagram as
in Fig. 1, where ei represents the word σ 2ei1 , fi represents the word σ
2fi
2 and e represents
∆2e = (σ2σ1σ2)2e. Let P3 = {β ∈ B3 | β =∆2e∏σ 2ei1 σ 2fi2 } be the group of pure 3-braids
and denote by B = {βˆ ⊂ S3 | β ∈ P3} the set of closed pure 3-braids in S3.
Let L = ⋃n1 ki be an oriented link contained in S3. Denote by η(L) =⋃η(ki) the
disjoint union of regular neighborhoods of its components. Let (µi, λi) be a meridian-
longitude pair for ∂η(ki). Call ri ⊂ ∂η(ki) a curve ri = piµi + qiλi , where pi/qi ∈
Q ∪ 1/0, (pi, qi) = 1. The result of doing surgery (r1, . . . , rn) in L is the manifold
(S3 − intη(L)) ∪ (⋃n1 Ti), where Ti is a standard solid torus and ∂Ti and ∂η(ki) are
identified so that a meridian m′i of Ti is glued along ri . By a nontrivial surgery on L,
we mean a surgery (r1, . . . , rn) such that ri = 1/0 for all i .
In this work we consider a family of closed braids L ⊂ B where βˆ ∈ L is such that
βˆ = ̂∏ni=1 σ 2ei1 σ 2fi2 where |ei |  1, |fi |  1, n  2 (so we assume that e = 0). Denote
by K1,K2,K3 the components of the link βˆ , such that lk(K1,K2)=∑ ei , lk(K3,K2)=∑
fi . The case when βˆ = σ 2e11 σ 2f12 , i.e., when n = 1, will be treated in another paper.
In that case it is not difficult to see that most surgeries on βˆ produce graph manifolds or
Seifert fibered spaces.
Let βˆ ∈L be such that ei = 1 and fi = 1 for all i (or that ei =−1 and fi =−1 for all
i). Note that K1 and K3 are parallel, i.e., there is an annulus A in the complement of βˆ
with boundary K1 ∪K3, and K2 wraps n times around A. The slope of A is 0 in both K1
and K3. By doing a single Dehn twist to the exterior of βˆ along A, the meridians of K1
and K2 are mapped to curves of slope 1 and −1, respectively, and the knot K2 does not
change. It follows that by doing surgery (1/m,1/q,−1/m) on βˆ, with m,q ∈ Z, we get
S3. We conjecture that these are the only cases in which a nontrivial surgery on an element
of L produces S3. This is not true for βˆ ∈B, and some examples are shown in [1]; in some
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of these examples there is also an annulus cobounded by two components of the link, but
in particular there is an example of an hyperbolic βˆ which has several nontrivial surgeries
producing S3. If βˆ ∈ L is such ∑ ei = 0 and ∑fi = 0, then βˆ is a Brunnian link, and it
follows from [11] that no nontrivial surgery on βˆ can produce S3.
In this paper we show that for many βˆ ∈ L, and for most surgeries we cannot get S3,
or in general a homotopy 3-sphere. Namely, if βˆ = ̂∏ni=1 σ 2ei1 σ 2fi2 is such that |ei | 2 for
at least two indices i1, i2, and |fj |  2, for at least two indices j1, j2, then no nontrivial
surgery on βˆ produce a homotopy 3-sphere, in fact every nontrivial surgery on βˆ produces
a laminar manifold. If βˆ is such that |ei | 2 for all i , then we show that there is a closed
incompressible surface in S3 − βˆ (in fact two surfaces if also |fj |  2 for all j ), which
remains incompressible after most surgeries on βˆ , producing then Haken manifolds. In
some other cases is shown that most surgeries cannot produce a homotopy 3-sphere.
In Section 2 we prove several results about incompressibility of surfaces after Dehn
surgery in certain knots and links in handlebodies and in tangles, which are then applied
in Sections 3 and 4. In Section 3 we study the manifolds obtained by surgery on elements
ofL, and prove the main results of the paper. In Section 4 we extend the results of Section 3
to a class of closed pure n-braids, i.e., we show that some closed pure n-braids contain
closed incompressible surfaces which remain incompressible after doing nontrivial Dehn
surgery on all the components of the link. This can be seen as a version of the results
of [17], proved here for closed braids instead of links obtained by a plat closure of a braid
as in [17].
If M is a 3-manifold and X ⊂M , then η(X) denotes a closed regular neighborhood of
X in M . If α, β are two slopes in a torus T , then ∆(α,β) denotes its minimal intersection
number.
2. Some technical lemmas
An n-tangle, denoted by (B, τ ), is a 3-manifold B , with ∂B ∼= S2, together with a set τ
of n properly embedded arcs and some simple closed curves in B . It is said that the n-tangle
is irreducible if B − τ is irreducible, and it is ∂-irreducible if ∂B − τ is incompressible in
B − τ . A tangle is trivial if (B, τ ) ∼= (D × I, {x1, . . . , xn} × I), where D is a disk and
{x1, . . . , xn} are points in the interior of D. Let K be a link in a closed 3-manifold M , we
say that K = (B1, τ1)+ (B2, τ2), if there exist a sphere intersecting K in 2n points, and
dividing M into manifolds B1, B2, such that (B1,B1 ∩K)= (B1, τ1) and (B2,B2 ∩K)=
(B2, τ2). Let (B, τ ) be a tangle, and let t one of its strings. Take a neighborhood η(t)
disjoint from the other strings and curves of the tangle. Let P = B − intη(t), then ∂P is
a torus. We say that the tangle is t-tubing incompressible if ∂P − τ is incompressible in
P − (τ − t).
Let (B, τ ) be a tangle as in Fig. 2, i.e., B is a 3-ball, and τ consists of an unknotted
curve K , and n arcs t1, t2, . . . , tn, such that K wraps ei times around the arc ti , always in
the same direction, that is, there is a collection of disjoint disks Ei , 1  i  n, such that
∂Ei = ti ∪ αi , where αi is an arc on ∂B , and such that K intersects Ei precisely in |ei |
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points, and lk(K, ti ∪ αi) = ei , where K and the arcs are oriented as in Fig. 2. The case
e1 =−3, ej = 1, en =−3 is shown in Fig. 2. Suppose that |ei | 1, for all i .
Denote by (B ′, τ ′, r) the tangle obtained from (B, τ ) after performing r Dehn surgery
on K , for r ∈Q. So B ′ is either a 3-ball, a punctured lens space or a punctured S1 × S2,
and τ ′ consists of n arcs. We want to determine when (B ′, τ ′, r) is an irreducible and
∂-irreducible tangle.
Lemma 2.1. The tangle (B, τ ) is irreducible and ∂-irreducible.
Proof. If (B, τ ) is reducible then there exists a sphere S in B which separates K from all
the arcs ti . This would imply that the linking number of K with ti ∪ αi is 0, which is a
contradiction. Suppose that (B, τ ) is ∂-reducible, and let D be a compression disk. The
disk D divides B into two 3-balls, say B1 and B2, where, say, K ⊂ B1, and tj ⊂ B2, for
some tj . This implies that the linking number of K with tj ∪ αj is 0, a contradiction. ✷
Lemma 2.2. Suppose that for at least one i , |ei |  2. Then the tangle (B ′, τ ′, r) is
irreducible and ∂-irreducible for all r = 1/0.
Proof. Take the collection of disjoint disks Ei , 1  i  n, such that ∂Ei = ti ∪ αi ,
where αi is an arc on ∂B , and such that K intersects Ei precisely in |ei | points. Let
Ci = cl(∂η(Ei)−∂B), with η(Ei) chosen big enough so thatCi∩K consists of two points,
i.e., Ci is a disk properly embedded in B , which bounds a 3-ball which contains ti and an
arc of K . Let σ be an arc joining a point of ∂B with a point in K , chosen to be between the
arcs ts and ts+1, where we assume that |es | 2, as in Fig. 2(a). Let N = B − intη(K ∪ σ),
this is a solid torus. Let γ be a simple closed curve on ∂η(K) − η(σ), distinct from a
meridian of K . Denote by N[γ ] the 3-manifold obtained by adding a 2-handle to N along
γ , and by (B,γ ) the 3-manifold obtained from B by performing Dehn surgery on K along
γ . It follows from [15, 2.1] that N[γ ] ∼= (B,γ ); so to prove that (B ′, τ ′, r) is irreducible
and ∂-irreducible, it is enough to prove that N[γ ] − τ is irreducible and that ∂N[γ ] − τ is
incompressible in N[γ ] − τ . Note that ∂N is compressible in N − τ , for it is a solid torus
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with a collection of boundary parallel arcs; this can be seen by sliding K over σ and then
over ∂B . It will be shown that any compression disk for ∂N necessarily crosses the curve γ ,
then Jaco’s addition Lemma [8] will imply that N[γ ] − τ is irreducible and ∂-irreducible.
Slide K along σ to get an arc σ ′ properly embedded in B , and then slide σ ′ along ∂B
so that the endpoints of σ ′ lie in N(Es) and N(Eu), where u in the next index, mod n, so
that |eu| 2 (possibly u= s). Then σ ′ intersects Cs and Cu in one point (none if u= s),
intersects Es and Eu in |es |−1 and |eu|−1 points respectively (in |es |−2 points if s = u),
it is disjoint from Cj if s < j < u, and intersects all other Ci in two points. Let δ be an
arc on ∂B , which determines the sliding of σ ′, then ∂δ = ∂σ ′, and δ intersects each of
αj , for s  j  u in one point (it intersects αs in two points if s = u). See Fig. 2(b). Let
N ′ = B − intη(σ ′), then clearly N ∼= N ′, and the image of γ in N ′ consists of q arcs
parallel to δ, and q arcs on ∂η(σ ′), if say γ is a curve of slope p/q on K .
Let D be a compression disk for ∂N ′ − τ in N ′ − τ , and assume it is disjoint from the
curve γ . Look at the intersections between D and the disks Ci . Suppose that β is a simple
closed curve of intersection which is innermost in D, and let D′ be the disk bounded by β
in D. So β bounds a disk D′′ in some Ci . If D′′ intersects σ ′ in one point, then the sphere
D′ ∪D′′ intersects the closed curve σ ′ ∪ δ in one point, which is not possible. If D′′ is
disjoint from σ ′, then D′ ∪D′′ bounds a 3-ball, and by isotoping D′, we get a compression
disk with fewer intersections with the Ci . Suppose now that D′′ intersects σ ′ in two points;
if D′ lies inside η(Ei), this would imply that σ ′ does not wrap around ti , which is not
possible, and if D′ lies in the complement of η(Ei), then σ ′ would not cross any other Cj ,
which is also not possible. So we can assume that the intersection between D and the disks
Ci consists only of arcs.
Let β be an arc of intersection which is outermost in D, i.e., β cuts off a disk D′ from
D whose interior is disjoint from the Ci . So ∂D′ = β ∪ ε, where ε is an arc on ∂D. There
are several cases to consider:
(1) ε is contained in ∂B , i.e., it is disjoint from η(σ ′). The arc β lies in some Ci and
bounds a disk D′′. If D′′ is disjoint from σ ′, then as D′ is disjoint from γ , D′′ must
also be disjoint from γ , then cutting off D with an outermost arc in D′′, we get two
disks, at least one of them is a compression disk with fewer intersections with the Ci .
Suppose D′′ intersects σ ′ in one point; if D′′ lies in Cs or Cu, then the complementary
disk of D′′ is disjoint from σ ′, and we are in the previous case. So D′′ must be
in some Ci which intersects σ ′ in two points. If D′ is inside η(Ei), then we get a
contradiction, for no such disk can exist. If D′ is outside η(Ei), then it is not difficult
to see that necessarily ε must cross γ . Finally if D′′ intersects σ ′ in two points, then
the complementary disk is disjoint from σ ′, and we are in the first case.
(2) ε is contained in η(σ ′). Then the endpoints of ε lie on two different curves of
intersection of η(σ ′) with the Cj ’s. As β lies in some Ci , the only possibility is that
the endpoints of ε lie on the two different disks of intersections of this Ci with η(σ ′).
Then D′ must lie inside η(Ei); and as D′ is disjoint from the arc ti , it follows that the
arc ti does not wrap around σ ′, but this is a contradiction.
(3) ε is contained in ∂B ∪ η(σ ′), i.e., ε can be divided in two arcs, one lies in ∂B and the
other in η(σ ′). Then D′ must lie in η(Es) (or η(Eu)), but as ts is disjoint from D′ this
would imply that |es | = 1, a contradiction.
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We conclude that D must be disjoint from the disks Ci . Now it is not difficult to see that
either D is not a compression disk, or that D crosses γ . ✷
Lemma 2.3. Suppose that for all i , |ei | = 1. Then the tangle (B ′, τ ′, r) is irreducible and
∂-irreducible for all r = 0,1/m, m ∈ Z. When r = 1/m, (B ′, τ ′,1/m) is a trivial tangle.
Proof. If |ei | = 1 for all i , then K is parallel to a curve on ∂B , i.e., there is an annulus A
in B , disjoint from the arcs ti , and such that ∂A consist of K and a curve on ∂B . Note that
the slope of A in K is 0. Theorem 2.4.3 of [3] implies that ∂B ′ − τ is incompressible in
B ′ − τ ′ if ∆(r,0) 2, but this is the same as saying that r = 0,1/m, m ∈Z. To show that
the tangle is irreducible, suppose there is a reducing sphere S. This intersects the surgered
solid torus in a collection of meridian disks, so the part of S lying on B − intη(K) is a
planar surface S′ with slope r on ∂η(K), r = 0. Look at the intersection between S′ and
A. There must be necessarily a trivial arc on A, which can be used to find a new reducing
sphere with fewer intersections with the surgered solid torus.
When r = 1/m, it is not difficult to see, just by twisting, that (B ′, τ ′,1/m) is a trivial
tangle. ✷
Note that if |ej | = 1, then the tangle (B, τ ) is tj -tubing compressible, and then so is
(B ′, τ ′, r) for all r . This can be seen by sliding arcs along the tube η(tj ).
Lemma 2.4. Suppose that for at least two indices s, u, |es |  2 and |eu|  2. Then the
tangle (B ′, τ ′, r) is ts -tubing incompressible for all r = 1/0.
Proof. Let P = B − intη(ts), this is a solid torus. Note that the knot K wraps es
times around P . The proof proceeds as in Lemma 2.3. Take an arc σ going from
∂P to K , close to the disk Es , and note that ∂(P − intη(K ∪ σ)) is compressible in
(P − intη(K ∪ σ))− (τ − ts ). Take a curve γ on ∂η(K), not a meridian of K . We have
to show that any compression disk for ∂(P − intη(K ∪ σ))− τ intersects γ . As before we
take the disks Ej , Cj , plus a meridian disk F of P . Slide appropriately the arc K ∪ σ , to
get an arc σ ′ properly embedded in P , and an arc δ in ∂P . The arc σ can be chosen so that
σ ′ is disjoint from F , and δ meets ∂F in |es | points. Look at the intersections of the disks
Cj and F with a supposed compression disk, and by doing an argument similar to that of
Lemma 2.2 we get a contradiction. ✷
Lemma 2.5. Suppose that for s, |es |  2 and |ej | = 1, for all j = s. Then the tangle
(B ′, τ ′, r) is ts -tubing incompressible for all r such that ∆(r, es)  2, and it is ts -tubing
compressible for all r such that ∆(r, es) 1.
Proof. Note that under these conditions the knot K is parallel into the torus ∂P , i.e., there
is an annulus between P and ∂N(K) having slope es on K . The conclusion now follows
from [3, 2.4.3]. ✷
Let H be a genus n handlebody, and M1,M2, . . . ,Mn a complete collection of meridian
disks for H , as in Fig. 3. Let K1 be a knot in H , which intersects each disk Mi in just one
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point, in the pattern shown in Fig. 3. So by cutting H along the disks Mi we get a 3-ball
B and a collection of arcs t1, . . . , tn. Let K2 be a knot in H , disjoint from the disks Mi , as
in Fig. 3, so that in B the arcs t1, . . . , tn and K2 form a tangle (B, τ ) as in Fig. 2(a); so K2
wraps around each arc ti in ei times, |ei | 1, always in the same direction. Let S1 = ∂H .
Lemma 2.6. S1 is incompressible in H − (K1 ∪K2), and H − (K1 ∪K2) is irreducible.
Proof. Suppose S1 compresses in H − (K1 ∪ K2), and let D be a compression disk.
Analyze the intersections between the disk D and the disks Mi . Let γ be a simple closed
curve of intersection, which is innermost in, say, the disk Mj . Let F be a disk bounded
by γ in Mj and D′ a disk bounded by γ in D. If K2 does not intersect F then we cut D
along the disk F , getting a new compression disk, so the curves of this type are eliminated.
If F intersects K1 then we have a sphere F ∪ D′ intersecting K1 in one point, which it
is not possible. So suppose D intersects the disks Mi only in arcs. Let σ be an outermost
arc in some Mi . As Mi intersects K1 in one point we can assume that σ bounds a disk
disjoint from K1. By cutting D along this disk we get another compression disk with fewer
intersections with Mi . So we can suppose that D is disjoint from all the disks Mi . Cut H
along the disks Mi , to get a 3-ball B and a collection t1, t2, . . . , tn of properly embedded
arcs in B , which come from K1. So S1 is incompressible in H − (K1 ∪K2) if and only
if ∂B is incompressible in B − (K2 ∪⋃i=ni=1 ti). The incompressibility of ∂B now follows
from Lemma 2.1. The irreducibility of H − (K1 ∪K2) is proved similarly. ✷
Let H , K1, K2 be as in Lemma 2.6. Let H(r1, r2) be the 3-manifold obtained by
performing Dehn surgery on K1 andK2 with coefficients r1 and r2, respectively. Denote by
H(−, r2) the 3-manifold obtained by performing Dehn surgery on K2 with coefficient r2.
Lemma 2.7. If |es | 2 for at least one s, and r1, r2 = 1/0, then H(r1, r2) is irreducible
and ∂-irreducible. If |ei | = 1 for all i , then H(r1, r2) is irreducible and ∂-irreducible if
r1 = 1/0 and r2 = 0,1/m, for all m ∈ Z.
Proof. Suppose that |es | 2 for at least one s. We show first that S1 is incompressible in
H(−, r2)−K1. Suppose S1 compresses after doing surgery in K2 with slope r2 = 1/0, and
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let D be a compression disk. Let T2 be the surgered solid torus, so a meridian curve of T2
is glued along a curve of slope r2 in ∂η(K2). We can assume that D ∩ T2 is a collection of
meridian disks and D ∩ (H − intη(K2)) is a punctured disk D′, disjoint from K1. Look at
the intersections between the disks Mi and the punctured disk D′. Let γ ⊂Mi be a simple
closed curve of intersection. If γ bounds a disk in Mi disjoint from K1, then cut D′ along
an innermost such disk in Mi , getting a compression disk with less intersections with T2
or with Mi . If γ bounds a disk which intersects K1 in one point, take such a curve which
is outermost in Mi , i.e., γ and ∂Mi bound an annulus E1 which does not contain any more
simple closed curves of intersection with D′. The curve γ bounds a disk E2 in D, whose
interior is disjoint from the annulus E1. Then E1 ∪E2 is a compression disk for S1, with
the same or less intersections with T2, and by isotoping it, it has less intersections with Mi .
So assume D′ intersects the disks Mi only in arcs. But if there is one such arc, take an
outermost one chosen to be disjoint from K1, and cut D along the disk determined by it, to
get a compression disk with less intersections with Mi . So if S1 is compressible, there must
be a compression disk disjoint from the disks Mi . Cut H along the disks Mi , to get a 3-ball
B containing arcs and K2. By Lemma 2.2 it follows that S′ = ∂B remains incompressible
after a nontrivial surgery on K2. To prove that H(−, r2) − K1 is irreducible, suppose S
is a reducing sphere, and look at the intersections of S with the disks Mi . Simple closed
curves which are trivial in Mi are easily removed. If there is a curve which is nontrivial in
some Mi , then by taking an outermost one γ , we get an annulus E1, with one boundary
component γ and the other a curve on S1. The curve γ is boundary of a disk E2 in S, and
then E1 ∪ E2 would be a compression disk for S1, which is not possible. So S must be
disjoint from the disks Mi . Cut H along the disks Mi . Then it follows from Lemma 2.2
that H(−, r2)−K1 is irreducible.
Now consider the manifold H(−, r2), which contain the knot K1. Note that there are
n annuli M ′i in H(−, r2)− intη(K1) with one boundary component on S1 and the other a
meridian of K1, i.e., M ′i =Mi − intη(K1). Do a nontrivial surgery on K1. It follows by an
argument as in [12, Theorem 4] that S1 remains incompressible in H(r1, r2), for the annuli
M ′i are not parallel. Finally, it is not difficult to see that H(r1, r2) is irreducible, just by
looking at the intersections between a reducing sphere and the annuli M ′i .
The case when |ei | = 1 for all i can be done similarly, but now applying Lemma 2.3. ✷
Let H be a genus n handlebody, and M1,M2, . . . ,Mn a complete collection of meridian
disks for H , as in Fig. 4(a). Let K be a knot in H , which intersects each disk Mi in ei
points, with |ei |  1 and always in the same direction, in the pattern shown in Fig. 4(a).
Let Σ be a 1-complex consisting of a tree σ with n endpoints, and n circles λ1, . . . , λn
each attached to σ in one of the endpoints. Suppose Σ is embedded in H , as in Fig. 4(a),
i.e., it is disjoint from K and from the meridians Mi . The circle λi bounds a disk Ei which
is pierced fi times by K , with |fi |  1, and always in the same direction. Let S1 = ∂H ,
and S2 = ∂η(Σ). Let N =H − intη(Σ).
Lemma 2.8. S1 and S2 are incompressible in N −K .
Proof. We will show first that S1 is incompressible in H − (K ∪ Σ). Let Bi be a
neighborhood of the disk Ei , which is a 3-ball so that ∂Bi intersects Σ in one point, and K
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in two points. So K ∩Bi is an arc which pierces the disk Ei . Suppose D is a compression
disk for S1 contained in H − (K∪Σ). Look at the intersections betweenD and the spheres
∂Bi , which consist of a collection of simple closed curves. Take one such curve γ which
is innermost in D; then γ lies in some ∂Bi . If γ in ∂Bi bounds a disk disjoint from K
and Σ , then by cutting D with an innermost such disk, we get another compression disk
for S1 with fewer intersections curves with the spheres ∂Bi . If γ in ∂Bi bounds a disk
containing only one point of K , then there would be a sphere intersecting K in one point,
which is not possible. If γ in ∂Bi bounds a disk disjoint from K and containing the point
of Σ lying in ∂Bi , then there is a sphere intersecting Σ in one point. This sphere separates
K and one of the curves λj , contradicting that the linking number between K and λj is
not 0. So suppose that D does not intersect the 3-balls Bi . Take the union of K , Σ and
the balls Bi , and collapse each ball into a point; so we get a new complex Σ ′, and after
sliding edges, Σ ′ looks like in Fig. 4(b). So S1 is incompressible in H − (K ∪Σ) if and
only if it is incompressible in H −Σ ′. Note that there are disks C1,C2, . . . ,Cn−1, properly
embedded in H , so that each disk intersects Σ ′ in one point. Look now at the intersections
between D and the Ci . Simple closed curves can be removed as before. Outermost arcs
can be chosen so that bound a subdisk in Ci disjoint from Σ ′. Cutting D with one of these
outermost disks, we get a new compression disk with fewer intersections with the Ci . So
we can assume that D is disjoint from the Ci . The disks Ci cut H into a collection of solid
tori T1, . . . , Tn, and then D is in one of the Ti . Now it is not difficult to see that D must be
parallel to ∂H , and then it is not a compression disk.
The irreducibility of N − K is proved in a similar way. To prove that S2 is
incompressible in N − K , note that the roles of S1 and S2 can be interchanged, i.e., if
H is a standard handlebody in S3, as in Fig. 4, then S1 and S2 bound handlebodies H ′ and
264 L. Armas-Sanabria, M. Eudave-Muñoz / Topology and its Applications 131 (2003) 255–272
V in the complement of H and η(Σ) respectively, and nowH ′ looks like the neighborhood
of a spine inside the handlebody V . ✷
Let N be as above and let N(r) be the 3-manifold obtained by performing r-Dehn
surgery on K .
Lemma 2.9. If r is not the trivial surgery, then N(r) is irreducible and S1 and S2 remain
incompressible in N(r).
Proof. Let T be the surgered solid torus, and D a compression disk for S1, which
intersects T in a minimal number of meridian disks; let D′ = D ∩ (N − intη(K)).
Consider the disk E1, this disk has its boundary on S2 and intersects K in f1 points.
Let E′ = E1 ∩ (N − intη(K)), this is a punctured disk with meridional slope on ∂η(K).
Look at the graph of intersections GD and GE , in D′ and E′, as defined in [3, §2.5].
Note that there is no edge adjacent to ∂D or ∂E, for these disks have their boundary on
different components of ∂N . Note that K intersects E1 always in the same direction, then
this says in the terminology of [3] that all the vertices in GE are parallel. Then [3, 2.6.1,
2.6.2] implies that there is a Scharlemann cycle in GE , and this can be used as in [3, 2.5.2]
to find another compression disk having two less intersections with T and D, which is
a contradiction. This shows that S1 is incompressible. The proof for S2 is the same, now
considering the disks Mi .
Suppose now that N(r) is reducible, and let S be a reducing sphere, this intersects
T in meridian disks, and suppose that it has minimal number of intersections with T ; let
S′ = S∩(N− intη(K)). Consider the disks E1 and M1. Let E′ =E1∩(N− intη(K)), and
M ′ =M1 ∩ (N − intη(K)), these are punctured disks, with meridional slope on ∂η(K).
Suppose that E′, M ′, are not annuli, i.e., |e1| 2, and |f1| 2, for otherwise we are done.
Look at the graphs of intersection GS and GE ∪ GM , in S′ and E′ ∪ M ′, i.e., in S′ we
look simultaneously at the intersections with E′ and M ′. As before, all vertices in GE
are parallel, as are all the vertices in GM . Then [3, 2.6.1, 2.6.2] implies that there is a
Scharlemann cycle ce in GE , say with labels {x, x − 1}, and a Scharlemann cycle cm in
GM , say with labels {y, y − 1}. Suppose first that {x, x − 1} = {y, y − 1}. Let Ax (Ay) be
the annulus on ∂η(K) having as boundary the curves x and x − 1 (y and y − 1). If Ax and
Ay lie on the same side of S, then the Scharlemann cycle ce , can be used to find a new
reducing sphere S′, this is obtained by doing surgery on S ∪Ax with the disk bounded by
ce. This new sphere S′ is essential because of the existence of the cycle cm. If Ax and Ay lie
on different sides of S, then take the side which contains at least one boundary component
of N , and say, this contains Ay . Then clearly the Scharlemann cycle cm can be used to
get a new reducing sphere. Suppose now that the labels x and y are the same. Viewed in
GS , the edges of ce are a set of parallel edges joining the vertices vx and vx−1, as are the
edges of the cycle cm. The pattern of edges must look as in Fig. 5, for K intersects first M1
several times, and then intersects E1. Now it is not difficult to see that the cycles ce and cm
cannot simultaneously lie in S′ ∪Ax , unless e1 are f1 are ±1, but in that case E′ and M ′
are annuli, a contradiction. ✷
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Let H , M1,M2, . . . ,Mn and K as in Fig. 4(a), but suppose that K intersects each disk
Mi in ei points, with |ei |  2. Let S = ∂H . Note that there are disks C1,C2, . . . ,Cn−1
which touches K in two points, and cut H into a collection of solid tori H1, . . . ,Hn (these
disks are shown in Fig. 4(b)).
Lemma 2.10. S is incompressible in H −K .
Proof. Suppose that S is compressible, and let D be a compression disk. Look at the
intersections between D and the disks Ci . Take an innermost closed curve γ in D. Let
D′ be a disk bounded by γ in D and B a disk bounded by γ in some Ci . If B does not
intersect K , by cutting D along an innermost disk in B we get a new compression disk,
reducing the number of intersection curves. If B intersects K in one point then we would
have a sphere intersecting K in one point, which it is impossible. If B intersects K in two
points, then one arc of K will be inside the ball bounded by D′ and a subdisk of B . But
since K intersects all of the meridian disks Mi , this is a contradiction. Suppose there are
arcs of intersection in Ci which do not separate the intersection points of K1 and Ci . Take
an outermost arc σ in Ci . The arc σ cuts a disk in Ci which does not intersect K1, and by
cutting D along this disk, we get a compression disk intersecting Ci in less arcs. So, all
the arcs in Ci divide the intersection points with K . Take an arc σ outermost in D. The
arc σ divides D and Ci in two disks, say D = D1 ∪ D2 and Ci = B1 ∪ B2. Let D1 be
the disk whose interior is disjoint from any Ci . Then we have a new disk D′ = B1 ∪D1,
which we isotope to be disjoint of Ci , but note that D′ intersects K in one point. By cutting
H along the disks Ci , a collection of solid tori is obtained. Observe that D′ is a properly
embedded disk in some of these solid tori. If ∂D′ is a trivial curve in one of the solid tori,
then we would have a sphere intersectingK in one point, which is not possible. If ∂D′ is an
essential curve, then D′ is isotopic to one of the meridian disks Mi , but since K intersects
each meridional disk Mi in more than one point we get a contradiction. Then there does
not exist such a compression disk. ✷
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3. Manifolds obtained by Dehn surgery on βˆLet L be the set of closed braids βˆ = ̂∏ni=1 σ 2ei1 σ 2fi2 such that n  2, |ei |  1 and
|fi |  1. Let βˆ ∈ L and M = S3 − intη(βˆ). Let K1,K2,K3 be the components of the
link βˆ, as defined in the introduction. The components of the link βˆ can be isotoped
so that K1 and K3 wrap around K2 as in Fig. 6(a). From that it is not difficult to see
that there are two disjoint surfaces of genus n, S1, S3 ⊂ int(M), as shown in Fig. 6(b).
The surface Sj , for j = 1,3, bounds a handlebody Hj in S3 such that Kj ⊂ int(Hj ) and
K2 ⊂ cl(S3 −H1 ∪H3).
Lemma 3.1. Let βˆ = ̂∏ni=1 σ 2ei1 σ 2fi2 ∈L and S1, S3 be as above. If |ei | 2 for all i , then
S1 is incompressible in M . If |fi | 2 for all i , then S3 is incompressible in M .
Proof. Suppose first that |ei | 2 for all i . Note that H1 and K1 satisfy the conditions of
Lemma 2.10, so it follows that S1 is incompressible in H1 −K1. Note that cl(S3 − H1)
is a handlebody which contain K2 and K3, so that it looks like in Fig. 3. So it follows
from Lemma 2.6 that S1 is incompressible in cl(S3 − H1) − (K2 ∪ K3). Then S1 is
incompressible in M .
The proof is similar when |fi | 2 for all i . ✷
Observe that K1 and K3 can be pushed to lie on the surfaces S1 and S3 respectively,
such that if ei > 0 or fi > 0, then Ki and Si look as in Fig. 7(a), and if ei < 0 or fi < 0,
then Ki and Si look as in Fig. 7(b).
(a) (b)
Fig. 6.
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Fig. 7.




ei j = 1,∑
fi j = 3.
Remember that an orientable 3-manifold N is Haken if it is irreducible and there exists
a 2-sided incompressible surface S in N , with S = S2.
Theorem 3.2. Let βˆ = ̂∏ni=1 σ 2ei1 σ 2fi2 ∈L. If one of the following conditions are satisfied
then the manifold N obtained by doing surgery (r1, r2, r3) on βˆ is Haken.
(1) |ei |  2 for all i , |fj |  2 for at least one j , r2, r3 = 1/0, r1 = r01 and r1 =
(kr01 ± 1)/k for all k ∈ Z.
(2) |ei | 2 for all i , |fj | = 1 for all j , r2 = 1/0, r3 = 0,1/m, for all m ∈Z, r1 = r01 and
r1 = (kr01 ± 1)/k for all k ∈Z.
(3) |fi |  2 for all i , |ej |  2 for at least one j , r2, r1 = 1/0, r3 = r03 and r3 =
(kr03 ± 1)/k for all k ∈ Z.
(4) |fi | 2 for all i , |ej | = 1 for all j , r2 = 1/0, r1 = 0,1/m, for all m ∈Z, r3 = r03 and
r3 = (kr03 ± 1)/k for all k ∈Z.
Proof. Call U1 = H1 − intη(K1), U2 = cl(S3 − H1 ∪ H3) − intη(K2) and U3 = H3 −
intη(K3). Then M =U1 ∪U2 ∪U3 and Sj =Uj ∩U2. Call Vi the space obtained from Ui
after doing ri -surgery in Ki . To prove (1) and (2), remember that we have an annulus A1
with a boundary component in S1 and the other on ∂η(K1) having slope r01 . Then it follows
from [3, 2.4.3] that S1 is incompressible in V1 if ∆(r1, r01) > 1, i.e., if r1 is not one of the
banned values. It follows also that V1 is irreducible. If the conditions (1) are satisfied,
it follows from Lemma 2.7 that V2 ∪ V3 is irreducible and that S1 is incompressible in
V2 ∪ V3. If the conditions (2) are satisfied, then it follows from Lemma 2.7 that V2 ∪ V3 is
irreducible and that S1 is incompressible in V2∪V3. As N is obtained by gluing irreducible
manifolds along incompressible surfaces, it follows that N is also irreducible.
If conditions (3) or (4) are satisfied, the proof is similar. ✷
268 L. Armas-Sanabria, M. Eudave-Muñoz / Topology and its Applications 131 (2003) 255–272Fig. 8.
Remark. Note that if βˆ = ̂∏ni=1 σ 2ei1 σ 2fi2 satisfies that |ei | 2 for all i , and |fj | 2 for
all j , then both S1 and S3 are incompressible in M , and both remain incompressible in N
if r2 = 1/0, r1 = r01 and r1 = (kr01 ± 1)/k for all k ∈ Z, r3 = r03 and r3 = (kr03 ± 1)/k
for all k ∈ Z.
In particular, if N is as in the previous theorem, then it cannot be a homotopy 3-sphere.
Let βˆ = ̂∏ni=1 σ 2ei1 σ 2fi2 be a closed braid as above. Note that there is a sphere S
intersecting K2 in 2n points, and which decomposes βˆ as the sum of two tangles,
(B1, τ1)+ (B3, τ3), where Bi is a 3-ball, and τi is formed by the knotKi and n arcs coming
from K2, for i = 1,3, see Fig. 8. Note that both tangles are as the tangle of Fig. 2(a).
An orientable 3-manifold N is said to be laminar if it contains an essential lamination;
see [7] for definitions. A laminar manifold has some properties of Haken manifolds, for
example, it is irreducible and has infinite fundamental group [7].
Theorem 3.3. Let βˆ = ̂∏ni=1 σ 2ei1 σ 2fi2 ∈L. If one of the following conditions are satisfied
then the manifold N obtained by doing surgery (r1, r2, r3) on βˆ is laminar. In particular
N cannot be a homotopy 3-sphere.
(1) |ei |  2 for at least two indices i1, i2, |fj |  2 for at least two indices j1, j2, and
r1, r2, r3 = 1/0.
(2) |ei |  2 for at least two indices i1, i2, |fj |  2 for only one j , and r2 = 1/0,
∆(r3, fj ) 2, r1 = 1/0.
(3) |ei |  2 for only one i , r2, r1 = 1/0, |fj |  2 for at least two indices j1, j2, and
r2 = 1/0, ∆(r1, ej ) 2, r3 = 1/0 .
(4) |ei |  2 for only one i , |fj |  2 for only one j , and r2 = 1/0, ∆(r1, ej )  2,
∆(r3, fj ) 2.
Proof. Let (B ′i , τ ′i , ri) be the tangle obtained from (Bi, τi ) after performing ri surgery on
Ki , for i = 1,3. Suppose conditions (1) are satisfied. Note that Lemma 2.2 implies that
both tangles (B ′1, τ ′1, r1) and (B ′3, τ ′3, r3) are irreducible and ∂-irreducible, and Lemma 2.4
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implies that both tangles are tsi -incompressible for some si . Now [13, Proposition 10]
and [16, 2.3] imply that there is an essential branched surface in B ′1 ∪ B ′3 − intη(K2),
which remain essential after all nontrivial Dehn surgery in K2, and such branched surface
fully carries an essential lamination. Cases (2), (3) and (4) are proved similarly, applying
Lemmas 2.4, 2.5, [13, Proposition 10] and [16, 2.3]. ✷
Theorem 3.4. Let βˆ = ̂∏ni=1 σ 2ei1 σ 2fi2 ∈L. If one of the following conditions are satisfied
then the manifold N obtained by doing surgery (r1, r2, r3) on βˆ is irreducible and has
noncyclic fundamental group. In particular N cannot be a homotopy 3-sphere.
(1) |ei | 2 for at least one i , |fj | 2 for at least one j , r1, r3 = 1/0 and r2 = p, p ∈ Z.
(2) |ei | 2 for at least one i , |fj | = 1 for all j , r1 = 1/0, r2 = p, and r3 = 0, 1/m, with
p, m ∈ Z.
(3) |ei | = 1 for all i , |fj |  2 for at least one j , r3 = 1/0, r2 = p, and r1 = 0, 1/m,
p, m ∈ Z.
(4) |ei | = 1 for all i , |fj | = 1 for all j , r2 = p, r1 = 0, 1/m, and r3 = 0, 1/q , with
p, m, q ∈ Z.
Furthermore, if |ei |  2 for at least one i , |fj |  2 for at least one j , and r2 = 1/0,
r1 = 1/q , r3 = 1/m, with q, m ∈ Z, then N cannot be S3.
Proof. Let (B ′i , τ ′i , ri) be the tangle obtained from (Bi, τi ) after performing ri surgery on
Ki , for i = 1,3. If one of the conditions (1), (2), (3), or (4) are satisfied, then Lemmas 2.2
and 2.3 imply that the tangles (B ′i , τ ′i , ri ) are irreducible and ∂-irreducible. Then there
is an essential planar surface with at least four boundary components in the manifold
N ′ = B ′1 ∪ B ′3 − intη(K2), and its slope in K2 is 1/0. This implies that N ′ cannot be a
Seifert fibered space. By doing surgery (r1,1/0, r3) on βˆ, i.e., by doing surgery 1/0 on
N ′, we get S3, S1 × S2, a lens space L(p,q), or a connected sum of two of these spaces.
Suppose r2 is a slope in K2 so that the manifold N obtained by surgery (r1, r2, r3) on βˆ
is reducible or has cyclic fundamental group; note that by doing r2 surgery on N ′ we get
N . As N ′ is irreducible and is not a Seifert fibered space, one of the main results of [2,3]
or [6], implies that ∆(r2,1/0) 1, i.e., r2 must be an integral slope.
If the last condition is satisfied, then B ′1 and B ′3 are 3-balls, and the sum of tangles
(B ′1, τ ′1, r1)+ (B ′3, τ ′3, r3) determines a knot K ′2 in S3. By Lemma 2.2 both tangles are ∂-
irreducible, which implies that K ′2 is a nontrivial knot. Then by doing nontrivial surgery
on K ′2, we cannot get S3, by the main result of [5]. ✷
Remark. The cabling conjecture says that only surgery on a cable knot produces a
reducible manifold. A strong form of the conjecture says that in the exterior of a knot
in S3 there is no essential planar surface with 4 or more boundary components and
having nonmeridional slope. If this conjecture were true it would imply an improvement of
Theorem 3.4, i.e., in cases (1), (2), (3) or (4) we could say that N cannot be S3 if r2 = 1/0.
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4. An extension to pure n-braidsLet β be a pure n-braid of the form β = ∏ki=1 wi , where each wi is of the form
wi =∏n−1j=1 σ 2eijj , and let βˆ be the closure of β , so βˆ is as shown in Fig. 9. Denote the
components of βˆ by K1, . . . ,Kn, where Ki is the closure of the ith string of β . Assume
that |eij |  1, for all 1  i  k, 1  j  n − 1, i.e., in each box in Fig. 9 there are at
least two crossings. It is not difficult to see that there are n− 1 disjoint surfaces of genus
k, S1, . . . , Sn−1 ⊂ int(M). Each Si is a standard surface in S3, and they are chosen to be
nested, that is, each Si bounds a handlebody Hi such that Hi ⊂ Hi+1. Also, K1 ⊂ H1,
Ki ⊂Hi −Hi−1 for 2 i  n− 1, and Kn ⊂ S3 −Hn−1.
Suppose first that n = 4. Then K1 and H1 look like in Fig. 4, and K1 intersects the
meridian disk Mi in ei1 points. K2, H1 and H2 look like in Fig. 4, with H1 in the role of
η(Σ), but with K2 intersecting each meridian disk Mi and each disk Ei in one point. K3,
H2 and H3 look like in Fig. 4, with H2 in the role of η(Σ), but now K3 intersects each
meridian disk Mi in one point, and the disk Ei in ei2 points. Finally, K4 lies in S3 −H3
and they look like in Fig. 4, so that K4 intersects the meridian disk Mi in ei3 points.
Lemma 4.1. Let n= 4, and let βˆ be as above. Suppose that |ei3| 2 for all i , 1  i  k.
Then S2 and S3 are incompressible in S3 − βˆ .
Proof. It follows from Lemma 2.6 that S2 is incompressible in H2 − (K1 ∪ K2). By
Lemma 2.8 it follows that S2 and S3 are incompressible in H3 − (K3 ∪ H2), and
Lemma 2.10 implies that S3 is incompressible in (S3 −H3)−K4. ✷
Theorem 4.2. Let n = 4, and let βˆ be as above. If one of the following conditions are
satisfied then the manifold N obtained by doing surgery (r1, r2, r3, r4) on βˆ is Haken.
Fig. 9.
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(1) |ei1|  2 for at least one i , |ei3|  2 for all i , r1, r2, r3 = 1/0, r4 = r04 and r4 =
(kr04 ± 1)/k for all k ∈ Z, where r04 =
∑
ei3.
(2) |ei1| = 1 for all i , and |ei3|  2 for all i , r2, r3 = 1/0, r1 = 0,1/m, for all m ∈ Z,
r4 = r04 and r4 = (kr04 ± 1)/k for all k ∈Z, where r04 =
∑
ei3.
Proof. It is similar to that of Theorem 3.2, just applying Lemmas 2.7, 2.9 and [3,
2.4.3]. ✷
A similar result holds if the roles of K1 and K4 are interchanged. The conditions
imposed to the crossing lying to the right of Fig. 9, i.e. to the ei3, may be unnecessary.
This condition could be eliminated if Lemmas 2.6 and 2.7 are generalized so that the knot
K1 in H of Fig. 3 crosses each meridian Mi several times always in the same direction.
Suppose now that n  5. Then K1 and H1 look like in Fig. 4, and K1 intersects the
meridian disk Mi in ei1 points. K2, H1 and H2 look like in Fig. 4, with H1 in the role of
η(Σ), but with K2 intersecting each meridian disk Mi and each disk Ei in one point. Sn−2
and Sn−1 are chosen so that Kn−1 and Hn−2 lie in Hn−1, and look like K , η(Σ) and H
of Fig. 4, but with Kn−1 intersecting each meridian disk Mi in one point, and each disk
Ei in one point. Kn lies in S3 −Hn−1 and they look as in Fig. 4, so that Kn intersects the
meridian disk Mi in ei(n−1) points. Finally Kj and Hj−1 lie in Hj , and they look like K ,
η(Σ) and H of Fig. 4, with Kj intersecting the disks Mi and Ei several times.
Lemma 4.3. Let n  5, and let βˆ be as above. Then the surfaces S2, . . . , Sn−2 are
incompressible in S3 − βˆ.
Proof. This follows from Lemmas 2.6, 2.8 and our choice of surfaces. ✷
Theorem 4.4. Let n  5, and let βˆ be as above. If one of the following conditions are
satisfied then the manifold N obtained by doing surgery (r1, . . . , rn) on βˆ is Haken.
(1) |ei1| 2 for at least one i , |ej (n−1)| 2 for at least one j , r1, . . . , rn = 1/0.
(2) |ei1| 2 for at least one i , |ej (n−1)| = 1 for all j , r1, . . . , rn−1 = 1/0, and rn = 0,1/q ,
q ∈Z.
(3) |ei1| = 1 for all i , |ej (n−1)| 2 for at least one j , r2, . . . , rn = 1/0, and r1 = 0,1/p,
p ∈ Z.
(4) |ei1| = 1 for all i , |ej (n−1)| = 1 for all j , r2, . . . , rn−1 = 1/0, and r1 = 0,1/p,
rn = 0, 1/q , with p,q,∈ Z.
Proof. It follows from Lemmas 2.7 and 2.9. ✷
It is quite possible that if n  6, then any nontrivial surgery on βˆ produce Haken
manifolds. This would follow if it is shown that S3 remains incompressible in H3 after
performing surgery on K1, K2 and K3; this would be like a version of Lemmas 2.6 and 2.7
but now for a link of 3 components.
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